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Introduction
The polarization pattern of the sky conveys rich information about the orientation of the sun. Voyagers and polarization-sensitive animals use sky polarization patterns as a compass. Many theoretical and experimental studies 1),2) have been done because the understanding of these optical characteristics has been one of the most interesting and important problems in atmospheric optics. In this paper, we first show our results of sky polarization patterns obtained by a camera with a fish-eye lens in order to affirm that the theoretical and experimental studies 1)-3) are trustworthy. In addition, unlike the previous studies, we tilt the fish-eye lens camera and analyze the sky polarization patterns of this as-yet-uninvestigated situation.
In Section 2, we will briefly review the fundamental theory of sky polarization. Section 3 describes our original work that analyzes the sky polarization pattern when the camera is tilted. We show some measurement results in Section 4, and present a discussion in Section 5. †1 Institute of Industrial Science, The University of Tokyo * 1 Presently with Hiroshima City University * 2 Presently with Ecole Supérieure de Physique et de Chimie Industrielles
Materials and methods
2.1 Measurement of the celestial polarization pattern using sky imaging polarimetry Our polarimetric measurements were performed at The University of Tokyo, Institute of Industrial Science (35 • 40 N, 139
• 40 E), on different dates in June and July 2008, one or two hours before sunset. The setup of our full-sky imaging polarimetry is shown in Fig. 1 . The technique used here was similar to the technique described in the latest publications 1)-3), 5) . The detector was a digital sensor of a DSLR (digital single-lens reflex) camera (Canon EOS 5D): The maxima and half-bandwidths of its spectral sensitivity curves were: Red=620 ± 50 nm, green=530 ± 30 nm, and blue=470 ± 30 nm. The fish-eye lens (Sigma EX DG fish-eye, F=3.5, focal length 8 mm) ensured an angle of view of 180
• . The polarizing filter (Kenko PL, 72 mm) enabled the measurement of the sky polarization patterns. However, using a commercial DSLR camera, it was imperative to set up the polarizing filter in front of the fish-eye lens. Hence, our imaging polarimeter allowed only an angle of view of 130
• . Using a personal computer and
Canon software (EOS utility), three photographs were taken for three different alignments of the transmission axis of the polarizer (0, 45 • , and 90
• clockwise from the top view of the camera). The polarizer was rotated manually. The initial position of the camera was set up on a tripod such that its axis passing through the view-finder pointed northwards and the optical axis of the fish-eye lens was vertical. Using a personal computer, we converted the raw images linearly to 16-bit uncompressed TIFF images. The patterns of the degree and angle of polarization of sky light were determined and visualized as high-resolution, color-coded, two-dimensional circular maps. Each map contained approximately 3,140,000 pixels. These patterns were obtained in the red, green, and blue spectral ranges. The three-dimensional celestial hemisphere was represented in two dimensions by a polar-coordinate system, where the zenith angle θ and the azimuth angle ϕ from the camera top view axis (x-axis) were measured radially and tangentially, respectively (Fig. 2) . In this two-dimensional coordinate system, the zenith was at the origin and 65
• of the zenith-axis corresponded to the outermost circle. Our imaging polarimeter was calibrated as follows: During evaluation of the recordings to obtain the intensity of the sky light, and the degree and angle of polarization of the sky light, the following characteristics were taken into consideration: (i) The measured Mueller matrix of the fish-eye lens as a function of the angle of incidence with respect to the optical axis; (ii) The angular distortion of the fish-eye lens, i.e., the measured angular distance from the zenith versus the angle of incidence (the off-axis angle); ideally, they are equal (Fig. 2 (c) ); (iii) The decrease in light intensity imaged on the sensor because of the decrease in the effective aperture with increasing angle of incidence (roll-off calibration); and (iv) The transmission of the polarizing filter as a function of the wavelength. Characteristics (i-iv) describe how the angular imaging, intensity, polarization, and spectral composition of the incident light are influenced by the optics and detector of the polarimeter system (Section 4.1 3),4) ).
Polarization calculations using the single-scattering Rayleigh model
Light radiated by the sun is unpolarized; however, on its way through the earth's atmosphere, sunlight is scattered by air molecules, i.e., by particles much smaller than the wavelength. The light scattering intensity depends on the scattering angle and the wavelength such that 12) :
where K is a constant of proportionality, λ is the wavelength, and γ is the angular distance between the observed celestial point and the sun. The shape of the intensity diagram is determined by the (1 + cos 2 γ) term. A plot of this term is given in Fig. 3 (d) .
Since the sun is quite far from the earth, it can be assumed as a directional light. Therefore, we denote both the scattering angle and the angle between the molecule direction and the sun direction with the same variable, γ (Fig. 4) . Sunlight remains unpolarized if it reaches the observer directly (scattering angle 0 • ), but is linearly polarized if it is scattered by molecules within the atmosphere. Within a theoretical (Rayleigh) atmosphere, the degree of polarization reaches 100% if the scattering angle is 90
• . Other scattering angles yield smaller degrees of polarization. The light is then said to be partially linearly polarized (Fig. 3) . This scattering results in the polarization of light: the E-vector is oriented perpendicularly to the plane of scattering formed by the sun, the observed point, and the observer ( Fig. 5 (a) ). Here, E-vector means the orientation of the electric vector of light (i.e., elec-
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Observer Fig. 4 The definition of the angle γ. Since the sun is quite far from the earth, γ represents not only the scattering angle of the molecule but also the angle between the direction from the observer to the molecule and the direction from the observer to the sun.
tromagnetic radiation), namely, the orientation of the polarized light. From geometrical consideration, the E-vector orientation from the local meridian, which we denote as α, is expressed as (Appendix A.1.2):
where θ s is the solar zenith angle, and θ and ψ are the angular distances of the observed point from the zenith and the solar meridian, respectively ( Fig. 5 (a) ). 
d varies from 0 (γ = 0 • , direct unscattered and hence unpolarized light) to 1 or 100% (γ = 90
• , great circle of maximally polarized light extending across the sky at an angular distance of 90
• from the sun). The degree of polarization d does not depend on the red, green, or blue channels of the camera, as is discussed in Appendix A.1.1.
Data processing and analysis
In order to analyze the sky light patterns, we calculated the intensity I, degree of polarization d, and E-vector orientation α. This polarization analysis was based on Stokes parameters for partially polarized light 11) . It is worth noticing that the light in the atmosphere is not circularly polarized 9) , so we do not need to evaluate this quantity (i.e., we assume that the light in the atmosphere is partially linearly polarized).
In short, if I 0 , I 45 , and I 90 represent the intensity values recorded when the polarizing filter is at 0
• , 45
• , and 90
• from the camera top view, respectively, then, from geometrical considerations, the orientation of polarization α (representing the E-vector shift from the top view) is given by:
We used the following α which is scaled between −90
• and 90
Finally, α was expressed as an angle drifted from the local meridian, in order to analyze the E-vector orientation patterns independently of the initial position of the polarizer such that ( Fig. 2) :
(6) Again, α is the E-vector orientation, ϕ is the local meridian, and α is the E-vector orientation from the local meridian (Appendix A.1.2, Fig. 2 , and Fig. 5 ). The total intensity was given by:
while the degree of polarization was given by:
Neutral points
Rayleigh's explanation of the polarization of clear sky would predict that light is unpolarized in the direction of the sun or anti-sun (= opposite of the sun), whichever is above the horizon. But observations had already demonstrated the existence of three unpolarized directions: above the sun (the Babinet point), below the sun (the Brewster point), and above the anti-sun (the Arago point), and hinted at a fourth point below the anti-sun (Fig. 6 ). The deviation from the sun and anti-sun is interpreted as a multiple-scattering effect, which splits the unpolarized points of the single-scattering theory into two points; this phenomenon has been considerably elaborated 8) . These unpolarized points typically lie within 15-35
• of the sun or anti-sun.
In the red, green, and blue spectral ranges, the zenith distances of the Arago and Babinet neutral points were determined by a simple method, which took into consideration that (i) the sky light was unpolarized (d ∼ 0%) in a neutral point; (ii) the degree of polarization gradually increased with increasing angular distance from the neutral point; and (iii) the sky light polarization switched from negative to positive (that is, the angle of polarization α suffered a change of Δα = 90
• as one passed a neutral point). The points possessing these characteristics were recognized in a given sky. Then, the position of the Arago or Babinet point was obtained as the geometric center (center of mass) of these points.
Polarization measurements using a camera in general position
The contribution of this paper is to analyze the sky polarization patterns when the camera is tilted from the horizon. All the recent studies of sky polarization patterns
were performed using a camera sensor set up in the horizontal plane (i.e., the optical axis of the fish-eye lens was vertical to the ground). This condition is considered as a serious limitation if we try to apply the latest method in the field of computer vision. We are interested not only in the sky light patterns but also in the object's appearance (reflectance) in the outdoor environment. Therefore, it is worth trying to analyze simultaneously both light and object. When we take a photo in the outdoors, only a small part of the sky is visible, and the camera sensor is not horizontal. Hence, it is worth investigating sky polarization patterns using a camera in a general position (i.e., the optical axis of the fish-eye lens is not necessarily vertical). Using a tripod, it is possible to rotate the camera top-view (x-axis) from the north (ϕ camera ), and to rotate the optical axis of the fish-eye lens (z-axis) around the x-axis of the camera reference (x, y, z).
To simulate sky polarization patterns using the Rayleigh single-scattering model (Eq. (2)), the coordinates of the sun (θ s , ϕ s ) in the new camera reference (x, y , z ) are the only required parameters: OS = R(x, θ i ) · OS, where R(x, θ i ) is the rotation matrix around x-axis by angle θ i , and OS and OS are the sun coordinate vectors in (x, y, z) and (x, y , z ), respectively (Fig. 7) . In detail:
Therefore, the sun coordinates (θ s , ϕ s ) in the horizontal plane could be determined from (θ s , ϕ s ) by the following equations:
4. Results
Imaging polarimetry calibration
Our 180
• field-of-view fish-eye lens formed a circular image with a radius of R=1,400 pixels in its focal plane (on the digital sensor) from the object field. The incident rays The projection angle versus the angle of incidence (ideally they are equal); (b) the decrease in light intensity imaged on the sensor because of the decrease in the effective aperture with increasing angle of incidence (roll-off calibration); (c-d) the measured Mueller matrix of the fish-eye lens as a function of the angle of incidence with respect to the optical axis.
originating from a given off-axis angle θ were focused into a given point of this circular image at a distance r from the center. The value of the so-called "projection angle" was calculated as θ p = 90
• r/R. In order to determine the relationship between θ and θ p , we rotated the camera with a frequency of 5 • around the x-axis, and we took pictures of a point source located far away from the camera (Fig. 2 (c) ). As shown in Fig. 8 (a) , the relationship between θ and θ p was very close to the ideal case: θ = θ p . The roll-off problem (the decrease in the effective aperture with increasing angle of incidence) was also insignificant, as shown in Fig. 8 (b) . In order to determine the change of optical properties of the light passing through the fish-eye lens (without polarizing filter), we had to know its system Muller matrix as a function of the off-axis angle θ. In general, this means that we have to know the function of all its 16 elements. However, in the case of our full-sky imaging polarimeter, we did not need all of these elements. The reasoning behind this is as follows: ( 1 ) Since the digital sensor was sensitive only to the intensity of the incoming light, Camera sensitivity (blue) Fig. 9 The transmission of the polarizing filter and the camera sensor sensitivity as a function of the wavelength.
only the first row (M 11 , M 12 , M 13 , M 14 ) of the total Muller matrix needed to be determined. ( 2 ) In general, the light in the atmosphere is not circularly polarized, and so we did not need to measure M 14 . ( 3 ) According to the standard calibration methods 3) , we used the reduced Muller matrix m, which is the system Muller matrix normalized to M 11 (m ij = M ij /M 11 ). Consequently, it was enough to determine m 12 (θ) and m 13 (θ). As shown in Fig. 8 (cd) , m 12 (θ) and m 13 (θ) were almost equal to zero, which meant that the light polarization patterns were unchanged after passing through the fish-eye lens.
Using a spectrophotometer, the transmission of the polarizing filter as a function of the wavelength was determined by calculating the ratio between the light intensities measured with and without the polarizing filter. As shown in Fig. 9 , the transmission of the polarizing filter was almost independent of the wavelength in the spectral range 400-700 [nm], contrarily to the camera sensor, which is more sensitive in the green than the red and the blue spectral ranges.
Polarization sky patterns
We measured the patterns of the degree of linear polarization d, and the angle of polarization α of a clear sky by our sky-imaging polarimetry in the red 650 nm, green 550 nm, and blue 450 nm parts of the spectrum.
As expected, d from the clear sky was highest at 90
• from the sun and gradually decreased toward the solar and antisolar points ( Fig. 10 (a) ). Furthermore, d was highest in the red (d max = 65%) and lowest in the blue (d max = 39%) part of the spectrum ( Table 1 ).
The angle of polarization of light from the clear sky had a characteristic pattern ( Fig. 10 (a) ): The isolines with constant were always shaped like an eight with a center at the zenith and an axis of mirror symmetry coinciding with the solar-antisolar meridian in such a way that the smaller loop of the eight was always in the solar half of the sky.
Like Pomozi et al. 2) , we also calculated the theoretical sky polarization in order to evaluate the measured data scientifically. Comparison of the measured (Fig. 10 (a) ) and theoretical ( Fig. 10 (d) ) patterns indicated that, apart from regions near the sun and antisun, the simple single-scattering Rayleigh theory described the characteristics of the sky polarization patterns relatively well. The most striking differences between the actual and the theoretical patterns were the consequences of the neutral (unpolarized) points. Because of these neutral points, the isolines belonging to given values of the degree and angle of polarization differed more or less from each other in the real and the Rayleigh sky. Fig. 10 (b) and Fig. 10 (c) represent the patterns of the degree and angle of polarization of partially cloudy and overcast skies measured again in the blue, green, and red spectral ranges. The most outstanding observation was that the angle of polarization of both cloudy and overcast sky were qualitatively the same as those of the clear sky ( Fig. 10  (b) and Fig. 10 (c) ), which is in accordance with previous results 1) . As shown in Fig. 10 (a-v) , the neutral line expresses the sun orientation (sun azimuth) with excellent precision (less than 3
• of error) for a clear sky. For an overcast sky, the sun orientation was determined within 10 • of precision.
Nevertheless, the angle of polarization patterns does not give the exact position of the sun (sun elevation). The sun elevation could be approximately determined using an empirical relationship between the neutral points and the sun position (θ s = θ Babinet + 30
• , θ s = θ Arago + 20
• , for the blue in clear sky condition 5) ). 
Observation under tilted camera
Unlike the previous studies, we have performed experiments when the camera is tilted (Section 3). The optical axis of the fish-eye lens was set up at 35
• from the vertical ( Fig. 7 ; θ i = −35 • ). The camera was rotated progressively 15
• counterclockwise from the north (around the z-axis of the tripod, Fig. 7 ) and the sky polarization patterns were measured twice each time to minimize the errors due to the manual rotation of the polarizing filter. All the measurements were taken in 20 minutes ; hence, it is reasonable to assume that the sun and the neutral points were immovable during the measurements (since, in Tokyo, the solar meridian is rotated counterclockwise about 4
As shown in Fig. 11 , the angle α and the degree of polarization d present similar patterns with those shown in Fig. 10 (taken while the optical axis of the fish-eye lens was vertical). Although the α-patterns are always eight-shaped, the Arago, the Babinet, and the center of the circular patterns do not form a line anymore. However, the solar meridian orientation could be evaluated from the α-pattern using neutral point (Arago or Babinet) coordinates and the equations Eq. (10) (I, II, III) presented previously.
It is also worth noticing that the Babinet and Arago neutral points do not obey the rule presented previously. From now on, the Babinet point could be located on the top of the bigger loop (Fig. 11 (b-ii) ). Hence, the distinction between the Arago and the Babinet points becomes slightly more complicated but always possible by calculating their coordinates in the horizontal plane using the equations Eq. (10) (I, II, III) .
The equations Eq. (10) (I, II, III) could be used to determine the solar meridian orientation ϕ s from the north by measuring the Babinet (or the Arago) coordinates (θ b , ϕ b ) (since ϕ s = ϕ Babinet = 180
• + ϕ Arago , and θ s = θ Babinet +30
• from the end of Section 4.2). To evaluate the accuracy of this method, the Babinet (or the Arago) coordinates (θ b , ϕ b ) were measured from the images (Fig. 11 (b) ) and compared to the Babinet coordinates (θ b , ϕ b ) in the horizontal plane measured from the image (Fig. 11 (a) ) by using the following ratios (R 1 , R 2 , R 3 ) derived from the equations Eq. (10) (I, II, III): (ratio) (ratio)
[deg]
[deg] R1 R2 R3 Fig. 12 The accuracy of the determination of the solar meridian orientation using the Babinet and Arago neutral points and the equations Eq. (10) (I, II, III). The ratios Eq. (11) R 1 , R 2 and R 3 were calculated using the measurements of the Babinet and the Arago coordinates from the images (Fig. 11) . Those ratios should be equal to one if the equations Eq. (10) (I, II, III) were accurate.
These ratios are used only for evaluation, and are not necessary for analyzing the sky polarization. All these ratios should be equal to one if this method was accurate. We found that equations Eq. (10) (I and III) are accurate; however, equation Eq. (10) (II) seems to be unstable and very sensitive to errors of measurements (Fig. 12) . The reason for this instability might be that Eq. (10) (II) is certainly the most complex, requiring all the parameters. In addition, Eq. (10) (II) represents the y-axis, which will be zero when the camera is rotated 90
• .
Fortunately, the problem could be solved using only two equations Eq. (10) (I, III). Therefore, the solar meridian orientation could be evaluated accurately using the Babinet or the Arago neutral point coordinates and the equations Eq. (10) (I, III). Finally, the exact sun position could be determined using the method described previously (Section 4.2).
Discussion
Polarization sky patterns
First, we set the fish-eye lens vertically to the ground. We measured the sky polarization pattern under this setup, in order to examine whether or not our setup could capture the same pattern as the previous results.
The sky polarization pattern was examined using the degree d and angle α of linear polarization, and these values are shown in Fig. 10 . We also compared the obtained data with the Rayleigh model in order to analyze the performance of our setup. As is shown by Pomozi et al. 2) , our results also showed that the sky polarization pattern of the clear sky (Fig. 10 (a) ) followed almost the same pattern of the Rayleigh model ( Fig. 10  (d) ). The Rayleigh model only assumes a single scattering, while the real sky causes multiple scattering. Due to its multiple scattering, we observed the neutral points, where the degree of polarization was zero, around the sun and the anti-sun.
The degree of polarization under a cloudy sky (Fig. 10 (b) ) and an overcast sky ( Fig. 10  (c) ) was less than that under a clear sky (Fig. 10 (a) ) due to the multiple scattering through thick clouds. The pattern of d differed greatly from the theory, and thus, it was difficult to detect the sun orientation from it. On the other hand, the degree of polarization detected the weather (clear, cloudy, overcast, foggy, and hazy skies).
The angle of polarization under a cloudy sky ( Fig. 10 (b) ) and an overcast sky ( Fig. 10  (c) ) showed almost the same pattern as that under a clear sky ( Fig. 10 (a) ). As is shown in previous investigations, we also obtained the eight-shaped pattern of α. The pattern was symmetrical along the solar-antisolar meridian. These results showed that even if the sun was occulted by thick clouds, we could estimate the orientation of the sun. This robustness of estimation encourages us to further use sky polarization in the field of computer vision.
Observation under tilted camera
In this paper, we have presented the results of our investigation of polarization sky patterns when the camera is tilted. We have presented an accurate method to determine the solar meridian orientation from photos taken outdoors, using a polarizing filter, while only a small part of the sky is available and the camera sensor is not horizontal.
For instance in Fig. 13 , the solar meridian orientation could be determined from photos of an outdoor scene using the angle of polarization pattern even if the eight-shape is not complete. Therefore, the orientation of the camera could be determined from the solar meridian. This is of great importance for orientation purposes in computer vision, for example, in determining the sensor orientation for 3D-modeling of outdoor objects.
This method also allows evaluation of the sun orientation in the photo, and so the distinction between sunlight and sky light could be performed unambiguously in an outdoor scene (Fig. 13 (b) ). This is of great importance in photometric and image analysis where the localization of the light source is usually a main issue. Finally, using the degree of polarization patterns ( Fig. 13 (c) ), the sky condition in the photo (clear, foggy, cloudy, or overcast sky) could be determined precisely, and knowing the sun position (by applying the previous method), the outdoor scene appearance could be simulated under different atmospheric conditions. 
